Numerical methods are mostly used to predict the acoustic pressure inside duct systems. In this paper, the development of a numerical method based on the convected Helmholtz equation to compute the acoustic pressure inside an axisymmetric duct is presented. A validation of the proposed method was done by a comparison with the analytical formulation for simple cases of hard wall and lined ducts. The effect of the flow on the acoustic pressure inside these ducts was then evaluated by computing this field with different Mach numbers.
Introduction
To predict noises from compressors, aircraft engines, and ventilation systems which are generally composed of an acoustic source and rigid wall or lined wave guides, many theoretical and experimental works were developed to characterize the acoustic propagation and radiation of sound from ducts with geometry and impedance discontinuities. The objective of these works is the development of efficient tools which can be used in the design phase to optimize the lining, geometries, and forms to reduce the radiated noise. Works based on the analytical theory such as (Bi et al., 2003; , and (Leroux et al., 2003) presented the MultiModal Propagation Method (MMPM) based on expanding sound pressure and axial velocity into double infinite series using the rigid duct modal basis and the projection coefficients evolution along the duct axis. This method was used to evaluate the scattering matrix and the acoustic pressure inside the duct of axially and circumferentially non uniform lined ducts. Meissner (2010) proposed an analytical method based on a general acoustic impedance expression and on conditions of impedance continuity at duct section changes to model the plane wave motion in a duct. This method was tested with one, two and three discontinuities in the duct cross-section. It was validated by a comparison with numerical results calculated on the basis of the oscillator method with a finite difference algorithm. Owing to the limitations of the analytical methods, especially when the geometry and impedance repartition become complicated (section variation, complicated segmented liners. . . ), the numerical methods were developed: Watson et al. (1996) presented a finite element propagation model based on the Galerkin technique to extract the acoustic impedance of the liner. This method is interpreted as an approximation of the continuous acoustic field seen as an assemblage of rectangular finite elements. Lin (1998) developed a numerical method based on a least-squares finite-element method to solve the two dimensional Helmholtz equation in rigid walls and lined ducts. The validation of his proposed method was made by comparison with the boundary element method. Dykas et al. (2010) proposed a numerical method of modeling acoustic waves propagation based on the resolution of the non-linear Euler equations. The resolution is made with the use of a numerical scheme of third-order accuracy in space and time. The method was successfully tested and validated. The above methods present efficient tools to understand and control duct systems, but in industrial applications, the flow is present and has an important effect on the acoustic behavior of these systems. Hence, this parameter was incorporated in developed theoretical techniques. (Lapka, 2009) confirm that the use of a spiral duct has a great potential to attenuate noise in duct systems. In a previous work (Taktak et al., 2011) proposed a numerical method of sound propagation modelling in three-dimensional ducts in the presence of a flow. This method is based on a three-dimensional finite element formulation. The results are compared to an analytical solution and show the validity of numerical implementation. They also illustrate the flow effects on the sound propagation inside the duct. In the literature, other techniques are used to model the duct system like the time domain method which was developed by (Özyörük, Long, 1996; Stanescu et al., 1999; Reichert, Biringen, 1997) and (Sbardella et al., 2001 ) because of its lowcost computing power and the frequency-domain methods by (McAlpine, Fisher, 2003) and (Özyörük et al., 2004) which are also used because they are much faster. Also, we note some works presenting optimization methods for duct systems such as the works of (Chiu, 2009 ) and (Chang, Chiu, 2010) to optimize multi-mufflers flow ducts using, respectively, the simulated annealing technique.
In this paper, we begin by presenting the studied problem and its governing equations in Sec. 2. The proposed numerical method to compute the acoustic pressure with a mean flow inside an axisymmetric lined duct is also presented in Sec. 2. In this later section, the numerical formulation and the finite element discretization are detailed. In Sec. 3, results of the proposed numerical method are validated by a comparison with the analytical results and discussed to evaluate the flow effect.
Description of the physical problem
The studied duct is cylindrical. Figure 1 presents its symmetric part. It does not present a sudden section change but an impedance discontinuity caused by the liner which is supposed to be locally reacting characterized by its acoustic impedance Z. Ω is the acoustic domain inside the duct. The edge of the studied duct is composed of four parts:
Γ WD , Γ LD , Γ L and Γ R are characterized respectively by their normal vectors n WD , n LD , n L and n R . A uniform flow is present in this duct modeled by the vector M 0 defined as:
M 0 is the Mach number, U 0 is the flow velocity, and c is the sound velocity. 
Computation of the acoustic pressure field within the duct

Governing equations
To compute the acoustic pressure filed inside the studied duct, a modal pressure is imposed on the left boundary of the duct Γ L in the direction of increasing z, and a boundary condition is applied on the right boundary Γ R to eliminate the reflection phenomenon inside the duct, as presented in Fig. 2 . The acoustic pressure inside the duct p is the solution of the system containing the convected Helmholtz equation with boundaries conditions at Γ WD , Γ LD , Γ L , and Γ R presented as follows (Reddy, 1993) :
∆ is the Laplacien operator, k is the total wave number, ρ 0 is the mass per volume unit and ω is the pulsation. ∇ = ∂/∂r im/r ∂/∂z T is the modified gradient for axisymmetric problems with m is the azimuthal wave number.
is the imposed acoustic mode propagating in the direction of increasing z with n is the angular wave number. χ mn is the n-th root satisfying the radial hard-boundary condition on the wall of the main duct and a is the duct radius. k ± mn are the axial wave number associated to the (m, n) mode and defined as:
k t is the transverse wave number. The sign + means that the axial wave number is calculated in the same direction as the flow while the sign − means that the axial wave number is calculated in the opposite direction of the flow. 
Variational formulation
To solve the problem (2), the finite element method is used. The weak variational formulation of this problem is written as follows (Reddy, 1993) :
p and q are respectively the acoustic pressure in the duct and the test function, dΩ = dr dz is the surface element. ∪Γ i presents the whole boundaries (i = LD, L, R). The third integral includes boundaries conditions. This integral is composed of three parts:
• Lined part Γ LD :
with z LD1 and z LD2 being respectively the beginning and the end axial coordinate of the lined part of the duct.
• The left boundary Γ L :
• The right boundary Γ R :
Finite element discretization
To solve the proposed problem, the domain (Ω) is discretized with triangular finite elements, while edges are meshed by two-node finite elements, as presented in Fig. 3 . Computation of the integrals of Eq. (4) is made by summing over the finite elements number of the elementary integrals (Dhatt, Touzot, 1989) :
Γe
qr dΓ e · P mn ,
where Ω e and Γ e are respectively the elementary triangular and two-node finite elements. Fig. 3 . The finite elements mesh of the studied duct element.
Elementary computation of the triangular
finite element. For the triangular finite element composed of three nodes (1, 2 and 3), the integral I e1 is written as follows:
j is the inverse matrix of the Jacobien matrix J of the transformation from the reference element to the real base. N 
(11)
Elementary computations of the two-node
finite element. For a two-node finite element belonging to the lined part of the duct composed of two nodes (1 and 2), I e2 and I e3 are computed as follows:
Z 1 and Z 2 are the acoustic impedance of each node of the two-node finite element; L e is the two-node fi-nite element length. N 1 (ξ) and N 2 (ξ) are the interpolation functions of the two-node finite element defined by (Dhatt, Touzot, 1989) :
Computation of I e3 is done for the two-node finite elements on the lined part extremities.
r 1 and r 2 are the radiuses of each corresponding real node. Computation of the integral I e4 of a two-node finite element belonging to the left boundary is made as follows:
Computation of the integral I e5 of a two-node finite element belonging to the right boundary is:
Integration of the above integrals is made using the numerical Gauss integration method (Dhatt, Touzot, 1989) . The assembly of different elementary integrals computed before is obtained as follows:
with NelT being the number of triangular finite elements, NelLD being the number of two-node finite elements along the lined part, and NelR being the number of two-node finite elements at the right boundary of the duct. To solve the variational formulation (4), the matrices are arranged to obtain the following system:
M is the number of nodes and NnodeL is the number of nodes at the left boundary. The resolution of this system allowed determination of the acoustic pressure in each node within the studied duct.
Numerical results
To validate the proposed finite element method, two cases of ducts were studied: a rigid wall and lined ducts. The chosen example consists in applying a modal pressure P + mn on the left boundary Γ L of a cylindrical duct. The geometric characteristics of the studied duct are: the radius a = 0.1 m and the length L = 0.5 m. On the right boundary of the studied duct, an acoustic condition is applied to eliminate the reflection effects. The mesh of the studied duct is done by using 1128 finite elements. Afterwards, we compare the acoustic pressure fields obtained with the present numerical method and by an analytical formulation (Lesueur, 1988) . The acoustic pressure is a complex value, hence, the real and the imaginary parts of the numerical and analytical values of the pressure are presented. 
Analytical
Case No. 1: Cylindrical rigid wall duct
The (0,0) mode is imposed to the studied wall duct. Figures 4, 5 , and 6 present a comparison between the analytical and numerical solutions of the acoustic pressure fields inside the duct at the frequency f = 1000 Hz, respectively, for M 0 = −0.2, 0 and 0.2. As a second step, we impose a radial mode on the left boundary of the studied rigid wall duct. 
Case No. 2: Cylindrical lined duct
The studied duct in this case has the same geometrical characteristics as this of the first case but totally lined by a liner with a constant acoustic impedance Z = ρ 0 c 0 (1 + i). We begin by imposing the (0,0) mode at the left boundary of the duct. Figures 9, 10 , and 11 present a comparison between the analytical and numerical results of the inside acoustic pressure fields at f = 1000 Hz respectively for M 0 = −0.2, 0 and 0.2. Figure 12 shows a comparison between the numerical and analytical pressure fields inside the studied lined duct at f = 7000 Hz with M 0 = 0.2 by imposing the (2,1) mode at the duct entry. Figure 13 presents a comparison between the numerical and analytical pressure fields inside the studied lined duct at f = 7000 Hz with M 0 = 0.2 by imposing the (0,2) mode at the duct entry. From these results we conclude that whatever the frequency, the imposed mode, and the edge boundaries, the proposed numerical method gives good results in accordance with the analytical ones.
Conclusion
In this study, a numerical method for the modeling of the acoustic pressure inside an axisymmetric lined duct in the presence of a flow was developed and presented. This method is based on the resolution of the convected Helmholtz equation with boundaries conditions. The proposed method gives good results as compared with the analytical ones. By varying the flow velocity, its effect was evaluated: the increase of the flow decreases the attenuation of the acoustic pressure inside the duct. Several ameliorations can be added to the proposed finite element method to model threedimensional flow ducts.
